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Abstract
We study symmetry breaking of solitons in the framework of a nonlinear fractional Schro¨dinger
equation (NLFSE), characterized by its Le´vy index, with cubic nonlinearity and a symmetric
double-well potential. Asymmetric, symmetric, and antisymmetric soliton solutions are found, with
stable asymmetric soliton solutions emerging from unstable symmetric and antisymmetric ones by
way of symmetry-breaking bifurcations. Two different bifurcation scenarios are possible. First,
symmetric soliton solutions undergo a symmetry-breaking bifurcation of the pitchfork type, which
gives rise to a branch of asymmetric solitons, under the action of the self-focusing nonlinearity.
Second, a family of asymmetric solutions branches off from antisymmetric states in the case of self-
defocusing nonlinearity through a bifurcation of an inverted-pitchfork type. Systematic numerical
analysis demonstrates that increase of the Le´vy index leads to shrinkage or expansion of the
symmetry-breaking region, depending on parameters of the double-well potential. Stability of
the soliton solutions is explored following the variation of the Le´vy index, and the results are
confirmed by direct numerical simulations.
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I. INTRODUCTION
Spontaneous symmetry breaking (SSB), i.e., self-organized transformation of symmetric
or antisymmetric states into asymmetric ones, is a ubiquitous phenomenon that occurs
in a wide variety of intrinsically symmetric physical systems. Examples of the SSB have
been investigated theoretically in nonlinear optics [1], Bose-Einstein condensates (BECs)
[2–5], lasers [6], liquid crystals [7], and other areas. In optics, the SSB has been observed, in
particular, in a CS2 planar optical waveguide [8], in a biased photorefractive crystal (SBN:60)
illuminated by a probe beam modulated by an amplitude mask [9], in symmetrically coupled
lasers [10, 11], metamaterials [12], etc. In BEC, the SSB was reported in the form of
macroscopic quantum self-trapping with an imbalanced population, in a condensate of 87Rb
atoms loaded in a symmetric double-well potential [13]. Especially, as one of fundamental
aspects of the optical-soliton phenomenology, the SSB of solitons was intensively investigated
in various settings modeled by nonlinear Schro¨dinger equations (NLSEs) [14–31].
Recently, the investigation of SSB of solitons has been expanded into non-Hermitian
optical systems, which are modeled by NLSEs with parity-time (PT ) symmetric complex
potentials [32, 33], where families of stable asymmetric one-dimensional (1D) solitons in-
duced by the SSB have been found for specially designed complex potentials [34–37], as well
as under the action of 2D potentials [38].
An interesting generalization of the Schro¨dinger equation, corresponding to fractional-
dimensional Hamiltonians, was proposed in Refs. [39]-[41]. It has been introduced, in the
context of the quantum theory, via Feynman path integrals over Le´vy-flight trajectories,
which leads to the fractional Schro¨dinger equation (FSE). Although implications of such
models are still a matter of debate [42, 43], some experimental schemes have been proposed
for emulating them in condensed-matter settings and optical cavities [44, 45]. A number of
intriguing dynamical properties have been predicted in the framework of FSEs, including 1D
zigzag propagation [46], diffraction-free beams [47–51], beam splitting [52], periodic oscilla-
tions of Gaussian beams [53], beam-propagation management [54], optical Bloch oscillations
and Zener tunneling [55], resonant mode conversion and Rabi oscillations [56], localization
and Anderson delocalization [57], and SSB of PT -symmetric modes in a linear FSE [58].
Naturally, FSEs may be applied to nonlinear-optical settings [59, 60]. Recent works
demonstrate that a variety of fractional optical solitons can be produced by nonlinear FSEs
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(NLFSEs) [61], such as “accessible solitons” [62–64], double-hump solitons and fundamen-
tal solitons in PT -symmetric potentials [65, 66], gap solitons and surface gap solitons in
PT -symmetric photonic lattices [67, 68], two-dimensional solitons [69], and off-site- and on-
site-centered vortex solitons in two-dimensional PT -symmetric lattices [70]. Composition
relations between nonlinear Bloch waves and gap solitons have also been addressed in the
framework of NLFSE with photonic lattices [71], bright solitons under the action of period-
ically spatially modulated Kerr nonlinearity [72], as well as dissipative surface [73] and bulk
solitons [74].
Once solitons may undergo various forms of SSB in models based on conventional Her-
mitian and PT -symmetric NLSEs, it is natural to consider the possibility of similar effects
to occur in NLFSEs with symmetric double-well potentials. In this work, we address SSB
of solitons in NLFSEs with self-focusing and self-defocusing cubic nonlinearities. The model
and numerical methods are introduced in Sec. II. Basic numerical results, including the
existence of soliton solutions in the fractional dimension, their SSB bifurcations, and results
for stability and dynamics of the solitons are reported in Sec. III. The paper is concluded
by Sec. IV.
II. THE MODEL AND METHODS
A. The nonlinear fractional Schro¨dinger equation
We start the analysis by considering beam propagation along the z-axis in a waveguide
with the Kerr nonlinearity. The balance between the diffraction in the fractional dimension
[45], cubic nonlinearity, and modulation of the linear refractive index makes it possible to
form solitons. The corresponding model for the light-beam propagation is based on the
following equation:
i
∂A
∂z
−
1
2kw20
(
−
∂2
∂ξ2
)α/2
A+
k [n (x)− n0]
n0
A+ k0n2 |A|
2A = 0, (1)
where A(z, x) is the local amplitude of the optical field, and ξ = x/w0 is the normalized
transverse coordinate, scaled to characteristic width w0 of the input beam. The fractional
derivative, (−∂2/∂ξ2)α/2, is determined by the Le´vy index, which usually takes values 1 ≤
α ≤ 2 (this point is additionally considered below). Further, k = k0n0 is the wavenumber,
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with n0 being the background refractive index, and k0 = 2pi/λ, where λ is the optical
wavelength. An effective potential is introduced by local modulation, n(x), of the linear
refractive index, while n2 is the nonlinear Kerr coefficient of the material.
Equation (1) can be cast in a normalized form by means of additional rescaling, Ψ(ζ, ξ) ≡
(k0 |n2|Ld)
1/2A(z, x), where Ld = kw
2
0 is the diffraction length, ζ = z/Ld is the normalized
coordinate in the propagating direction, and the effective potential is defined as −V (ξ) ≡
−Ldk [n (w0ξ)− n0] /n0. The scaled equation is
i
∂Ψ
∂ζ
−
1
2
(
−
∂2
∂ξ2
)α/2
Ψ+ V (ξ)Ψ + σ |Ψ|2Ψ = 0, (2)
where σ ≡ n2/ |n2| = ±1 corresponds to the self-focusing (+) and defocusing (−) nonlinear-
ity, respectively. Obviously, when α = 2, Eq. (2) amounts to the standard NLSE, and when
α = 1, the fractional derivative corresponds to the operator in the form of the “square root
of Laplacian”, which was introduced long ago in a phenomenological model of instability of
combustion fronts [75].
In this paper, we study SSB for soliton solutions to Eq. (2), chiefly with 1 ≤ α < 2,
although the case of α < 1 is briefly considered too, see Fig. 3 below. To this end, we
introduce the effective symmetric double-well potential corresponding to
V (ξ) = V0
{
exp
[
−
(
ξ + ξ0
W0
)2]
+ exp
[
−
(
ξ − ξ0
W0
)2]}
, (3)
with potential minima set at points ξ = ±ξ0, while W0 and V0 denote the width and depth
of the local wells.
Soliton solutions produced by Eq. (2) with real propagation constant β are sought as
Ψ (ζ, ξ) = ψ (ξ) eiβζ , (4)
where the real function ψ(ξ) obeys a stationary equation
−
1
2
(
−
d2
dξ2
)α/2
ψ + V (ξ)ψ + σ |ψ|2 ψ − βψ = 0. (5)
Soliton solutions of Eq. (5) are characterized by the integral power (norm), which is a
dynamical invariant of Eq. (2), and may be naturally split in contributions from the left
and right regions:
P (β) ≡ PL(β) + PR(β) =
∫ +∞
−∞
|Ψ|2 dξ ≡
∫ 0
−∞
|Ψ|2 dξ +
∫ +∞
0
|Ψ|2 dξ. (6)
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Asymmetric states are then characterized by the SSB parameter
Θ =
PL − PR
PL + PR
, (7)
which is used below.
B. The numerical method
The fractional derivative in Eq. (5) is defined as a pseudo-differential operator [76, 77]
F [
(
−d2/dξ2
)α/2
ψ] = |k|αFψ(k), (8)
where F denotes the Fourier transform, which converts functions of x into functions of the
respective wavenumber, k. Actually, for all values α < 2, Eq. (5) is a nonlocal equation.
Several methods have been developed for handling nonlocal FSEs [78–80].
To obtain numerical soliton solutions of Eq. (5), we employed the Newton-conjugate-
gradient method, as presented in Refs. [81, 82]. Accordingly, Eq. (5) is rewritten as
L0ψ (ξ) = 0, (9)
where
L0 = −
1
2
(
−
d2
dξ2
)α/2
+ V (ξ) + σ |ψ|2 − β. (10)
Here, the propagation constant β is considered as a parameter with a fixed value, while
solution ψ(ξ) is generated by means of Newton’s iterations
ψn+1 = ψn +∆ψn, (11)
where ψn is an approximate solution, and correction ∆ψn is computed from the linear
Newton’s equation
L1n∆ψn = −L0 (ψn) , (12)
where L1n is the linearization operator L1 corresponding to Eq. (9), evaluated with ψ
replaced by approximate solution ψn:
L1 = −
1
2
(
−
d2
dξ2
)α/2
+ V + σ |ψ|2 + 2σψRe (ψ∗)− β. (13)
In the framework of this scheme, Eq. (12) can be solved directly by dint of conjugate
gradient iterations [81, 82], which yields symmetric, antisymmetric, and asymmetric soliton
solutions.
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FIG. 1. (Color online) SSB of solitons of Eq. (2) with Le´vy index α = 1.1, self-focusing Kerr
nonlinearity (σ = +1), and the double-well potential (3) with parameters V0 = 2, ξ0 = 1.5, and
W0 = 1.4. (a) Power curves of families of stable and unstable symmetric solitons (thin solid and
dotted blue lines, respectively), stable antisymmetric solitons (the thick solid black line), and
stable asymmetric solitons (the thin solid red line). Panels (b), (c), and (d) display asymmetric,
symmetric, and antisymmetric soliton solutions at β = 1.75, marked by “b1,b2,c,d” in panel (a).
III. NUMERICAL RESULTS
A. Symmetric, antisymmetric, and asymmetric soliton solutions in the fractional
dimension
Generic examples of soliton families are presented in Fig. 1. They were found as numerical
solutions of Eq. (5) with Le´vy index α = 1.1 and σ = +1 (the self-focusing sign of the
nonlinearity), while the potential V (ξ) is taken as per Eq. (3) with V0 = 2, ξ0 = 1.5,
and W0 = 1.4. Figure 1(a) shows power curves P (β) for stable and unstable symmetric-
soliton solutions, as well as for stable antisymmetric and stable asymmetric ones in this
potential. SSB occurs when the integral power of symmetric solitons exceeds a critical
value (which corresponds to the bifurcation point), Pcr ≈ 0.3603, the respective propagation
constant being βcr ≈ 1.6389. As a result of the SSB, the power curves of the symmetric
and asymmetric soliton solutions form a pitchfork bifurcation. As examples, profiles of
asymmetric, symmetric, and antisymmetric soliton solutions with β = 1.75 are displayed in
Figs. 1(b), 1(c), and 1(d), respectively. Panel 1(b) demonstrates that there actually exist
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FIG. 2. (Color online) SSB of solitons of Eq. (2) with self-defocusing Kerr nonlinearity (σ = −1),
other parameters being the same as in Fig. 1. (a) Power curves of stable symmetric solitons (the
thick solid black line), unstable and stable antisymmetric solitons (thin dotted and solid blue lines,
respectively), and stable asymmetric solitons (the thin solid red line). Panels (b), (c), and (d)
depict asymmetric, antisymmetric, and symmetric solitons at β = 1.12, marked by “b1,b2,c,d” in
panel (a).
two branches of the asymmetric soliton solutions, which are mirror images of each other,
ψ (ξ) and ψ (−ξ), represented by coinciding points b1 and b2 in Fig. 1(a).
SSB of solitons is also found in Eq. (5) with the self-defocusing nonlinearity (n2 < 0),
when the symmetric soliton solutions, shown in Fig. 2(a), are stable, but the antisymmetric
ones become unstable at Pcr ≈ 0.5459 (βcr ≈ 1.2138) with the increase of the integral
power, as is also shown in Fig. 2(a), where a branch of stable asymmetric soliton solutions
bifurcates from the branch of the unstable antisymmetric solutions. Figures 2(b), 2(c), and
2(d) display the corresponding profiles of the asymmetric, symmetric, and antisymmetric
soliton solutions, respectively, with β = 1.12. In this case too, there are also two branches of
asymmetric states, which are mirror images of each other, ψ(ξ) and ψ(−ξ), as can be seen
in panel 2(b).
In fact, even in the case of α < 1, when solitons, supported by the self-focusing cubic
nonlinearity in the free space, are unstable, because of the occurrence of the supercritical
collapse [74], the trapping potential may stabilize the solitons and uphold the familiar SSB
scenario, as shown in Fig. 3(a) for α = 0.8. In the case of the self-defocusing nonlinearity,
values α < 1 are possible too, giving rise to the same type of SSB as considered above, see
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FIG. 3. (Color online) SSB of solitons of Eq. (2) with Le´vy index α = 0.8, other parameters
being the same as in Fig. 1. (a) Power curves of families of stable and unstable symmetric solitons
(solid and dotted blue lines, respectively), and stable asymmetric solitons (the solid red line) with
the self-focusing Kerr nonlinearity. (b) Power curves of unstable and stable antisymmetric solitons
(dotted and solid blue lines, respectively), and stable asymmetric solitons (the solid red line) with
the self-defocusing Kerr nonlinearity.
Fig. 3(b).
The fact that the growth of the strength of the focusing or defocusing nonlinearity desta-
bilizes, respectively, symmetric or antisymmetric solitons, replacing them by asymmetric
ones, is a generic property of SSB [1]. It is relevant to mention that, in the latter case, the
pitchfork bifurcation may be identified as an inverted one, because it takes place, in Figs.
2(a) and 3(b), with the decrease of the propagation constant (but still with the increase of
the integral power). It is also found that, in the case of the self-focusing nonlinearity, the
stable soliton branches in Figs. 1(a) and 3(a) satisfy the Vakhitov-Kolokolov (VK) criterion
[83, 84], and, for the defocusing nonlinearity, the stable soliton solution branches in Figs.
2(a) and 3(b) satisfy the anti-VK criterion [85].
B. Symmetry-breaking bifurcations at different values of the Le´vy index
To explore how the value of Le´vy index α effects the SSB bifurcations, in Figs. 4, 5, 6, 7,
8, and 9, we have produced power curves for soliton families, by numerically solving Eq. (5)
and varying α (with interval of 0.05, in the interval 1 ≤ α ≤ 2) and separation parameter ξ0
of the double-well potential (3). The numerical results for the self-focusing and defocusing
cases are summarized in Figs. 4 and 5. Specifically, at ξ0 = 1.5, SSB areas in the plane of
α and propagation constant β shrink with the increase of α, as seen in Fig. 4(a) and 5(a).
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FIG. 4. (Color online) The SSB bifurcation represented by dependences of the integral power
of unstable and stable symmetric (dashed and solid curves, respectively) and stable asymmetric
(solid curves) soliton solutions on Le´vy index α and propagation constant β in the case of the
self-focusing Kerr nonlinearity (σ = +1) for different values of the separation parameter of the
double-well potential (3): (a) ξ0 = 1.5, (b) ξ0 = 1.8, (c) ξ0 = 1.9, and (d) ξ0 = 2, respectively.
Other parameters of the potential are the same as in Fig. 1.
As ξ0 increases to 1.8, the areas slightly expand with the increase of α in Fig. 4(b) and
Fig. 5(b). Then, as ξ0 increases to 1.9 and 2.0, the SSB areas significantly expand with the
increase of α in Figs. 4(c), 4(d), 5(c), and 5(d).
The families of the soliton solutions are further characterized by the dependences of
asymmetry parameter (7) on α and β, which are displayed in Figs. 6 and Figs. 7 for the
self-focusing and defocusing nonlinearities, respectively. The results indicate that the SSB
bifurcations in Eq. (5) are of the supercritical (alias forward) type, i.e., with branches of
asymmetric branches going forward from the bifurcation point [86].
Further, Figs. 6 and Figs. 7 clearly demonstrate that the increase of separation ξ0 in
the double-hump potential (3) shifts the SSB bifurcation to lower values of the power. This
conclusion is quite natural, as a larger separation makes the effective linear coupling between
the two well weaker, making it easier for the nonlinearity to compete with it [1].
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FIG. 5. (Color online) The SSB bifurcation represented by dependences of the integral power of
unstable and stable antisymmetric (dashed and solid curves, respectively) and stable asymmetric
(solid curves) soliton solutions on Le´vy index α and propagation constant β in the case of the
self-defocusing Kerr nonlinearity (σ = −1) for different values of the separation parameter of the
double-well potential (3): (a) ξ0 = 1.5, (b) ξ0 = 1.8, (c) ξ0 = 1.9, and (d) ξ0 = 2, respectively.
Other parameters of the potential are the same as in Fig. 1.
FIG. 6. (Color online) SSB bifurcation diagrams shown in terms of asymmetry parameter (7),
corresponding to the situation displayed in Fig. 4: (a) ξ0 = 1.5, (b) ξ0 = 1.8, (c) ξ0 = 1.9, and (d)
ξ0 = 2. Dashed red curves represent unstable symmetric soliton solutions.
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FIG. 7. (Color online) SSB bifurcation diagrams shown in terms of asymmetry parameter (7),
corresponding to the situation displayed in Fig. 5: (a) ξ0 = 1.5, (b) ξ0 = 1.8, (c) ξ0 = 1.9, and (d)
ξ0 = 2. Dashed red curves represent unstable antisymmetric soliton solutions.
FIG. 8. (Color online) Largest linear instability growth rates of symmetric (solid) and asymmetric
(dashed) soliton solutions from Fig. 4.
C. The linear stability analysis and dynamics
Stability of solitons in the present model was explored by considering small perturbations
u (ξ) and v (ξ) added to a stationary solution, ψ (ξ), with propagation constant β, as follows:
Ψ (ζ, ξ) = eiβζ
[
ψ (ξ) + u (ξ) eδζ + v∗ (ξ) eδ
∗ζ
]
, (14)
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FIG. 9. (Color online) Largest linear instability growth rates of antisymmetric (solid) and asym-
metric (dashed) soliton solutions in Fig. 5.
where δ is the instability growth rate (a complex one, in the general case). Substituting this
expression in Eq. (2) and linearizing it with respect to the perturbations, we arrive at the
following linear eigenvalue problem:
i

 L11 L12
L21 L22



 u
v

 = δ

 u
v

 , (15)
where we define
L11 = −
1
2
(
−
d2
dξ2
)α/2
+ U − β + 2σ |ψ|2 , (16)
L12 = +σψ
2, (17)
L21 = −σψ
2, (18)
L22 =
1
2
(
−
d2
dξ2
)α/2
− U + β − 2σ |ψ|2 . (19)
The underlying stationary solution is unstable if the solution of Eq. (15) produces at least
one eigenvalue with Re(δ) > 0.
Because Eq. (15) contains the fractional derivative, it is convenient to solve it by means
of the Fourier decomposition, which converts the equation into a matrix eigenvalue problem
for Fourier coefficients of perturbation eigenfunctions u (ξ) and v (ξ). Then, the spectrum
can be obtained numerically, using the Fourier collocation and Newton-conjugate-gradient
methods [82, 87, 88]. Both methods have produced identical results.
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FIG. 10. (Color online) The top row: linear-stability spectra for the soliton solutions in the case
of the self-focusing nonlinearity, σ = +1. The bottom row: results of simulations of the perturbed
evolution of the solitons from the top row. (a1,a2): A stable symmetric soliton with β = 1.62.
Panels (b1,b2), (c1,c2), and (d1,d2) display the results for stable asymmetric, unstable symmetric,
and stable antisymmetric solitons, respectively, at β = 1.75.
Figures 8 and 9 display the largest instability growth rates, max (δR), for symmetric
and asymmetric, or antisymmetric and asymmetric, sets of solitons, in the cases of the
self-focusing and defocusing nonlinearity, respectively. In agreement with general principles
[1, 86], the SSB destabilizes the symmetric or antisymmetric solitons in the former and
latter cases, respectively, while the asymmetric solitons remain stable solutions in the entire
interval of values of the Le´vy index considered in the present work, i.e., 1 ≤ α ≤ 2.
To corroborate predictions of the linear-stability analysis, we have performed numerical
simulations of perturbed evolution of the solitons. We start with the self-focusing nonlin-
earity and display the result for a stable symmetric soliton at β = 1.62 < βcr = 1.6389.
The respective eigenvalue spectrum is shown in Fig. 10(a1), and the nonlinear evolution
under the action of random-noise initial perturbations with a relative amplitude of 10% is
presented in Fig. 10(a2). It is seen that, at least up to ζ = 1000, the solution indeed remains
stable. Next, we address stable asymmetric, unstable symmetric, and stable antisymmetric
soliton solutions for β = 1.75 > βcr = 1.6389 [stationary profiles of these solutions are shown
in Figs. 1(b), 1(c), and 1(d), respectively]. The corresponding linear-stability spectra are
shown in top panels of Figs. 10(b1), 10(c1), and 10(d1). The evolution of the stable asym-
metric and stable antisymmetric solitons, under the action of random perturbations with the
10% relative amplitude, is displayed in Figs. 10(b2) and 10(d2), respectively. On the other
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FIG. 11. (Color online) The top row: the same as in Fig. 10, but for the self-defocusing nonlinearity,
σ = −1. The bottom row: perturbed evolution of the solitons from the top row. (a1,a2): A stable
antisymmetric soliton with β = 1.3. Panels (b1,b2), (c1,c2), and (d1,d2) display stable asymmetric,
unstable antisymmetric and stable symmetric soliton solutions, respectively, at β = 1.12.
FIG. 12. (Color online) The top row: linear-stability spectra for weakly unstable soliton solutions,
taken close to the SSB bifurcation points. The bottom row: the perturbed evolution of the solitons
from the top row. Panels (a1,a2) and (b1,b2) display unstable symmetric solitons with β = 1.65
and 1.67, respectively, in the case of self-focusing. Panels (c1,c2) and (d1,d2) display unstable
antisymmetric solitons with β = 1.2 and 1.17, respectively, in the case of self-defocusing.
hand, Fig. 10(c2) demonstrates that the symmetric soliton, whose instability is predicted
by the spectrum shown in Fig. 10(c1), quickly develops the instability (even without adding
a perturbation to the initial state), and, as it might be expected, the instability tends to
convert it into a stable asymmetric state.
In Fig. 11, we display the evolution of the soliton solutions in the case of the self-
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defocusing nonlinearity, where an antisymmetric soliton at β = 1.3 > βcr = 1.2138, which
is predicted to be stable by Fig. 11(a1) [β > βcr is the stability condition in the case of the
self-defocusing nonlinearity, according to Fig. 2(a)], indeed keeps its shape in the course
of the perturbed evolution in Fig. 11(a2). For stable asymmetric, unstable antisymmetric,
and stable symmetric solitons, with β = 1.12 < βcr = 1.2138 [stationary profiles of these
solutions are shown in Figs. 2(b), 2(c), and 2(d), respectively], the linear-stability spectra
are shown in Figs. 11(b1), 11(c1), and 11(d1), respectively. The perturbed evolution of the
solutions, displayed in Figs. 11(b2) and 11(d2), corroborates the predicted stability. On
the other hand, the unstable antisymmetric soliton develops the instability in the numerical
simulations even without addition of perturbations, as seen in Fig. 11(c2). It is worthy
to note that, in this case, the evolution does not tend to convert the unstable soliton into
an asymmetric one that would be spontaneously pinned to one potential well; instead, it
develops periodic oscillations between the two wells.
We have also considered the evolution of unstable soliton solutions near the bifurcation
points, in the cases of both the self-focusing and defocusing signs of the nonlinearity. The
results are summarized in Fig. 12. Without the addition of initial perturbations, these
unstable solitons develop oscillations, with a period that is larger for a weaker instability
[smaller max (δR)]. Thus, the spontaneously emerging oscillations are slower in Figs. 12(a2)
and 12(c2) than in Figs. 12(b2) and 12(d2).
IV. CONCLUSION
We have investigated the phenomenology of SSB (spontaneous symmetry breaking) of
spatial Kerr solitons in the model based on the NLFSE (nonlinear fractional Schro¨dinger
equation) with a symmetric double-well potential and self-focusing or defocusing cubic non-
linearity. In agreement with the general principles of the SSB theory, the increase of the soli-
ton’s integral power (norm) destabilizes symmetric and antisymmetric solitons, and creates
stable asymmetric ones, in the cases of the self-focusing and self-defocusing nonlinearities,
respectively, In either case, stable asymmetric solitons emerge at the SSB bifurcation point,
the pitchfork bifurcation always being of the supercritical (forward) type. In the case of the
self-defocusing nonlinearity, the bifurcation may be considered as an inverted one, in the
sense that it happens with the decrease of the soliton’s propagation constant. The depen-
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dence of the SSB effects on the Le´vy index, α, which characterizes the fractional dimension
in the NLFSE, and separation, ξ0, between the potential wells in the symmetric potential,
has been explored. In particular, the increase of α leads to shrinkage or expansion of the
SSB area, depending on the value of ξ0.
A relevant direction for the extension of the analysis is to develop it for the study of SSB
phenomena in PT -symmetric and dissipative systems.
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